Abstract: We present the element extraction approach to electric circuit analysis and synthesis using the behavioral framework. Explicit descriptions are obtained of the behavior and the driving-point behavior of a general circuit comprising resistors, inductors, capacitors, transformers, and gyrators (an RLCTG circuit). It is shown that the internal currents and voltages are always properly eliminable to obtain a driving-point behavior which is the set of locally integrable (weak) solutions to a linear differential equation. We also review a recently introduced trajectory level definition of passivity, and we show that a behavior is passive if and only if it is the driving-point behavior of an RLCTG circuit.
INTRODUCTION
In this paper, we describe the element extraction approach to the analysis and synthesis of electric circuits. Several of the results are inspired by the papers [1, 2] , and are presented here in the behavioral framework [7] . This framework also exposes questions which are not covered in [1, 2] . Notably, the main contributions of this paper are:
1. In [3] , a new definition of passivity was proposed which differs from the definition in [2] in its treatment of uncontrollable behaviors. We will demonstrate that a system is passive in the sense of [3] if and only if it is the driving-point behavior of an electric circuit comprising resistors, inductors, capacitors, transformers and gyrators (an RLCTG circuit). This was stated in [3] without proof.
2. We show that, for any n-port RLCTG circuit, there exist compatible partitions of the driving-point currents and voltages as (i 1 , i 2 ) and (v 1 , v 2 ) such that the drivingpoint behavior has an input-state-output representation in which: (i) the state is a subset of the capacitor voltages and inductor currents; and (ii) the input comprises i 1 and v 2 , and the output comprises v 1 and i 2 . The currents and voltages in the circuit's resistors and the other capacitors and inductors are a linear function of this input and state.
3. We conclude that the driving-point behavior of an electric circuit is the set of (weak) solutions to a linear differential equation. In other words, the internal currents and voltages are properly eliminable in the sense of [6] .
The paper is structured as follows. In Section 2, we describe the element extraction approach to circuit analysis. Section 3 discusses the concept of proper elimination. In Section 4, we review the material in [3] on passivity. Then, Section 5 investigates the behavior of circuits containing only resistors, transformers, and gyrators (RTG circuits), and Section 6 investigates the behavior of RLCTG circuits.
Our notation is as follows. We denote the real and complex numbers by R and C, and the closed right-half plane by C + . If λ ∈ C,λ denotes its complex conjugate. The polynomials and rational functions in the indeterminate s with real coefficients are denoted R[s] and R(s). R m×n (resp., R m×n [s], R m×n (s)) denotes the m×n matrices with entries from R (resp., R[s], R(s)), and n is omitted if n = 1.
, then H T denotes its transpose, and if H is invertible then H −1 denotes its inverse. If M ∈ R m×m , M > 0 (M ≥ 0) indicates that M is positive (non-negative) definite. We denote the block column and block diagonal matrices with entries
, and we equate any two locally integrable functions which differ only on a set of measure zero. We will consider behaviors (systems) defined in one of the following two ways: (i) as the set of weak solutions (see [7, Sec. 2.3.2] ) to a differential equation
and (ii) as the projection of a behavior B as in (1) onto a subset of its components, denoted:
where T 1 , . . . , T m are real matrices which can be completed to a permutation matrix T = col(T 1 · · · T m T m+1 ).
ELECTRIC CIRCUIT ANALYSIS
Our concern in this paper is with electric circuits comprising an interconnection of resistors, inductors, capacitors, transformers, and gyrators (RLCTG circuits). Resistors, inductors, and capacitors each have a single port (pair of terminals) across which a voltage v can be applied and through which a current i can flow; and the behaviors of these elements satisfy
for some C>0}, respectively. A transformer possesses m + n ports, and its behavior is determined by its turns-ratio matrix T ∈ R m×n . Specifically, the driving-point currents i = col (i 1 i 2 ) and voltages v = col (v 1 v 2 ) (partitioned compatibly with T ) satisfy
Finally, a gyrator possesses 2 ports, and its driving-point currents i = col (i 1 i 2 ) and voltages
For each of these five elements, the inner product of the port currents and the port voltages is equal to the instantaneous power supplied to the element. An n-port RLCTG circuit is then an interconnection of resistors, inductors, capacitors, transformers, and gyrators which has n designated external ports, each associated with a current and a voltage. The vector of port currents i and voltages v are oriented so the energy transferred to the circuit in the interval from
The element extraction approach to RLCTG circuit analysis views any given electric circuit N as the cascade interconnection of two circuits: N 1 , in which all of the elements are removed and every single element port is replaced with an external port; and N 2 , which contains each of the elements in the original circuit (disconnected from each other) [1] . If there are n external ports and m element ports in N , then N 1 is an n+m-port circuit with driving-point currents col (i i 2 ) and voltages col (v v 2 ) which satisfy Kirchhoff's current and voltage laws; and N 2 is an mport circuit with driving-point currents i 1 and voltages v 1 which satisfy the individual element equations. Here, Kirchhoff's laws result in n + m equations relating i, v, i 2 and v 2 ; 1 and the element constraints give m equations relating i 1 and v 1 . The circuit N is obtained by connecting the final m ports of N 1 to the m ports of N 2 , which results in the 2m interconnection equations v 2 = v 1 and i 2 = −i 1 . We thus obtain n+4m linear differential equations relating i, i 1 , i 2 , v, v 1 , and v 2 ; where i and v correspond to the driving-point current and voltage of N ; and i 1 and v 1 correspond to the internal currents and voltages. The full behavior of the circuit is the projection of the solutions to this equation onto the variables (i, i 1 , v, v 1 ), and the driving-point behavior is the projection onto (i, v). These are obtained by the procedure in the next section.
Note that the element extraction procedure can proceed inductively. This approach is taken in this paper. We con-sider six circuits: N 1a , the circuit N with the inductors and capacitors replaced by external ports; N 2a , the inductors and capacitors; N 1b , the circuit N 1a with the resistors replaced by external ports; N 2b , the resistors; N 1c , the circuit N 1b with the transformers and gyrators replaced by external ports; and N 2c , the transformers and gyrators. The procedure in the previous paragraph can then be used to obtain the driving-point behavior of N 1b (by letting N 1 = N 1c and N 2 = N 2c ), then N 1a (by letting N 1 = N 1b and N 2 = N 2b ), and finally N (by letting N 1 = N 1a and N 2 = N 2a ). This process is illustrated in Fig. 1 (see p. 6).
PROPER ELIMINATION
As discussed previously, the full behavior and the drivingpoint behavior of an electric circuit can be obtained by projecting the set of solutions w to an equation of the form of (1) onto subsets of its components. Accordingly, letB = {col
where the rightmost matrix is partitioned compatibly with col (w 1 w 2 ), and M 2 has full row rank. Then, from [7, Thm. 2.5.4],B is the set of locally integrable solutions to
. In this case, we call w 2 properly eliminable. However, this is not true in general. For example, consider the system
such that w 1a = w 1b , and dw1a dt = w 2 }, from [6, Example 2.1]. Then any trajectory in B must satisfy w 1a = w 1b , and the (weak) derivative of w 1a must be locally integrable. In fact, B cannot be represented in the form of (1) [6] .
PASSIVITY AND CONTROLLABILITY
The driving-point behavior of each of the five electric circuit elements has the general form:
Here, Q need not be invertible (consider a transformer).
In [3] , the following definition of passivity was proposed:
Note that it is easily shown that the bound K is necessarily non-negative. An important contribution in [3] was to answer the question when is an uncontrollable system passive?. Here, B in (3) is called controllable if, for any given (i 1 , v 1 ), (i 2 , v 2 ) ∈ B, and any given t 0 ∈ R, there exists a t 1 ∈ R and an (i, v) ∈ B such that (i(t), v(t)) = (i 1 (t), v 1 (t)) for all t < t 0 ; and (i(t), v(t)) = (i 2 (t), v 2 (t)) for all t ≥ t 1 (see [7, Defn. 5 
.2.2]). In fact, if a linear system
B is controllable, then this property holds for all t 1 > t 0 . Note, however, that the driving-point behavior of a general RLCTG circuit need not be controllable [4, 5] .
If B in (3) is passive and Q is invertible, then Q −1 P is necessarily positive-real. However, as emphasised in [3] , the positive-real condition is not sufficient for guaranteeing that B is passive. This is due to the possibility of common roots (more specifically, common left divisors) of P and Q, which arise when B is not controllable [7, Thm. 5.2.10]. In fact, in [3] it was proved that B in (3) is passive if and only if (P, Q) is a positive-real pair, defined as follows. Definition 2. Let P, Q ∈ R n×n [s]. We call (P, Q) a positive-real pair if the following conditions hold:
In this paper, we show that B takes the form of (3) and is passive if and only if B is the driving-point behavior of an RLCTG circuit. In particular, we show that the internal currents and voltages in a general RLCTG circuit are properly eliminable, a result which is not established in [2] . Another important distinction between our results and those in [2] is in the treatment of uncontrollable behaviors.
In [2] , a system B is called passive if ∫ T 0 (i T v)(t)dt ≥ 0 for all T ≥ 0 and all (i, v) ∈ B which satisfy i(t) = 0 and v(t) = 0 for all t < 0. This differs from Definition 1 when B is not controllable (see [3, Example 3] ). In particular, a system B can be passive in the sense of [2] , and yet it can be impossible to realise B as the driving-point behavior of an RLCTG circuit. In contrast, our results indicate how to design an RLCTG circuit to realise any given behavior B as in (3) which is passive in the sense of Definition 1.
BEHAVIOR OF NON-DYNAMIC PASSIVE ELECTRIC CIRCUITS
In this section, we describe the full and driving-point behavior of a general circuit comprising transformers and gyrators (a TG circuit), and a general circuit comprising resistors, transformers and gyrators (an RTG circuit).
Theorem 3. LetB be the full behavior of an n-port TG circuit, with driving-point currents and voltages i and v, and m element ports with currents and voltages i 1 and v 1 . Then i T v = 0 for all (i, v, i 1 , v 1 ) ∈B, and there exist P, Q ∈ R n×n such that B :=B (i,v) takes the form of (3).
Proof. We follow the element extraction approach outlined in Section 2. In the terminology of that section, N 1 has driving-point currents and voltages col (i i 2 ) and col (v v 2 ) which satisfy i T v + i ) =Ŝ(v +î)} for some orthogonal matrixŜ ∈ Rn ×n (i.e., S T =Ŝ −1 ). 2 We therefore obtain relationships of the form
in which the leftmost matrix, andŜ, are orthogonal. It is then easily verified that i 2 and v 2 are properly eliminable, andB is the set of locally integrable solutions to: We now use the procedure in Section 3 to find B =B (i,v) . First, let T = col (T 1 T 2 ) ∈ R m×m be an orthogonal matrix such that the rows of T 2 are a basis for the left null space of I − S 22Ŝ . By orthogonality, T
We will show the following five conditions: (i) T 1 (I − S 22Ŝ ) has full row rank; (ii)
We then note from conditions (i)-(v) and equation (5) 
we find thatB is the set of locally integrable solutions to:
Since T 1 (I − S 22Ŝ ) has full row rank, then so too does M 2 . Thus, for any given locally integrable i and v, there exists a locally integrable i 1 and v 1 satisfying the rightmost equation in (7); i.e., i 1 and v 1 are properly eliminable. Then, with P := I +S and Q := I −S, it follows that the driving-point behavior B :=B (i,v) takes the form of (3).
To complete the proof, it remains to show conditions (i)-(v). First, suppose z 1 ∈ R r satisfies z so there exists z 2 ∈ R m−r such that z
This implies that z T 1 −z T 2 T = 0, and so z 1 = z 2 = 0, which proves condition (i). Next, note from (6) that, if z ∈ R m×m satisfies z
T 12 S 12Ŝ z, so S 12Ŝ z = 0. By letting z be each of the rows in T 2 in turn, we obtain conditions (ii)-(iv). Finally, condition (v) follows from (5) and condition (iii), since
Note that, if I − S 22Ŝ is singular, then there exists z ∈ R 2m such that M 2 z = 0, so the internal currents and voltages are not uniquely determined by the driving-point currents and voltages. However, this is unlikely to occur in practice as the transformers and gyrators will have internal resistance, and it follows from the next theorem that the current and voltage in the resistors of an RTG circuit are determined by the driving-point current and voltage. n×n with H +H T ≥ 0; and (iii) anL ∈ R 2m×n ; such that, with e = col (i a v b ) and r = col (v a i b ), thenB (e,r) = {(e, r) | e ∈ L loc 1 (R, R n ) and r =He}, andB (e,r,i R ,v R ) = {(e, r, i R , v R ) | (e, r) ∈ B and col (i R v R ) =Le}.
Proof. Following Section 2, we consider the n+m-port circuit N 1b obtained by replacing the resistors by external ports, and the m-port circuit N 2b containing the resistors (disconnected from each other). Here, N 1b has drivingpoint currents and voltages col (i i 2 ) and col (v v 2 ); N 2b has driving-point currents and voltages i R and v R ; and interconnection results in the equations v 2 = v R and
Also, it follows from Theorem 3 that the driving-point behavior of N 1b takes the form of (3) (i 2a , i 2b ) and (v 2a , v 2b ) , such that, with e 2 = col (i 2a v 2b ) , r 2 = col (v 2a i 2b ) , e = col (i a v b ), and r = col (v a i b ), the driving-point behavior of N 1b is the set of locally integrable solutions to:
Furthermore, from Theorem 3, then i T v + i T 2 v 2 = e T r + e T 2 r 2 = 0, whereupon it is easily shown that the leftmost matrix in (8) is skew-symmetric. By partitioning i R and v R compatibly with i 2 as (i Ra , i Rb ) and (v Ra , v Rb ), and by defining e R := col (v Ra i Rb ) and r R := col (i Ra v Rb ), then the driving-point behavior of N 2b corresponds to the set of locally integrable solutions to an equation of the form r R =Ĥe R whereĤ ∈ R m×m is a diagonal positive-definite matrix. Also, by letting Σ be the signature matrix partitioned compatibly with e R of the form Σ := diag (I −I), then the interconnection equations take the form e 2 = −Σr R , r 2 = Σe R . It is then easily shown that B (e,r,e R ,r R ) is the set of locally integrable solutions to:
We now follow the procedure in Section 3 to obtainB (e,r) . First, note that since Σ andĤ are diagonal matrices, then ΣĤ =ĤΣ. Next, note that I + H 22Ĥ is invertible. This follows since, if z ∈ R m satisfies z
Since H 22 is skew-symmetric and H −1 > 0, then this implies z = 0. Now, let
By pre-multiplying (9) by the invertible matrix
we find thatB (e,r,e R ,r R ) is the set of locally integrable solutions to r =He andM 2 col (e R r R ) = −R 2 e. It is easily verified thatM 2 is invertible and
take the form indicated in the present theorem statement. ThatH +H T ≥ 0 follows since
RLCTG CIRCUIT BEHAVIORS
In Theorem 5, we show that the driving-point behavior of an RLCTG circuit has a representation:
in which the input u is a subset of the driving-point currents and voltages (with exactly one input for each port), the output y is the complementary subset of driving-point currents and voltages, and the state x is a subset of the inductor currents and capacitor voltages. The remaining inductor and capacitor currents and voltages are then uniquely determined given this input and state (and so too are the resistor currents and voltages, as can easily be shown from Theorem 4). (e,r,e1a,r1a,e 1b ,r 1b ) = {(e, r, e 1a , r 1a , e 1b , r 1b ) |B (e,r,e1a) = B s and col (r 1a e 1b r 1b ) = Gcol (e e 1a )}.
Proof. In this case, following Section 2, we let N 1a be obtained by removing all inductors and capacitors and replacing these with external ports; and N 2a comprises the inductors and capacitors (disconnected from each other). Then, from Theorem 4, it is easily shown that there exist partitions satisfying conditions (i)-(iii) in the present theorem statement; a matrix Σ 1 (resp., Σ 2 ) which, partitioned compatibly with col (i La v Ca ) (resp., col (i Lb v Cb )) takes the form Σ 1 := diag (−I I) (resp., Σ 2 := diag (−I I)); and diagonal matrices Λ 1 and Λ 2 with positive diagonal entries; such that, with e, r, e 1a , r 1a , e 1b and r 1b as defined in the present theorem statement, thenB (e,r,e1a,r1a,e 1b ,r 1b )
is determined by equations of the form:
Here, (11) corresponds to the driving-point behavior of N 1a ; (12) corresponds to the driving-point behavior of N 2a ; and (13) are the interconnection equations. Also, from the proof of Theorem 4, the leftmost matrix M in (11) satisfies M + M T ≥ 0. Next, we show that the partitions of i, v, i L and v C can be chosen such that M 13 = 0, M 31 = 0, and M 33 = 0. To show this, we prove that if either M 13 or M 33 is non-zero, then we can reduce the number of entries corresponding to inductor voltages or capacitor currents on the left of (11). These correspond to the entries in e 2b . This procedure must terminate in a finite number of steps with an equation of the form of (11) in which M 13 = 0 and M 33 = 0 (it is possible that there will be no entries remaining on the left of (11) which correspond to inductor voltages or capacitor currents). Then, since M + M T ≥ 0, it is easily shown that M 33 = 0 implies that M 32 = −M T 23 and M 31 = −M T 13 = 0. To prove that the reduction is possible, it suffices to show that: (i) if M 33 = 0, then a subset of the entries of e 2b are a linear function of the corresponding entries in r 2b together with the entries in e, e 2a , and the complementary entries in e 2b ; and (ii) if M 33 = 0 but M 13 = 0, then one of the entries of e together with one of the entries of e 2b is a linear function of the corresponding entries in r and r 2b together with the complementary entries in e, e 2a and e 2b . . It is then easily shown that B can be realised as the driving-point behavior of an RLCTG circuit following the procedure described in [2] . 2
EXAMPLE
We apply Theorems 3-5 to N in Fig. 1 . In this case, we obtain the following two relationships corresponding to the driving-point behaviors of N 1c and N 2c : 
